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In this paper, using what we call a micro reciprocity law, we complete Weil's program [W] for non-abelian 
class field theory of Riemann surfaces. 

1. Refined Structures for Tannakian Categories 

Let T be a Tannakian category with a fiber functor ui : T ^ Verc, where Verc denotes the category 
of finite dimensional C-vector spaces. An object t S T is called reducible if there exist non-zero objects 
x,y G T such that t = x (B y. An object is called irreducible if it is not reducible. If moreover every object 
a; of T can be written uniquely as a sum of irreducible objects x — xi (B X2 (3 ■ ■ . (B Xn, then T is called a 
unique factorization Tannakian category. Usually, we call x^'s the irreducible components of x. 

A Tannakian subcategory S of a unique factorization Tannakian category T is called completed if for 
a; £ S, all its irreducible components x^'s in T are also in S. S is called finitely generated if as a Tannakian 
category, it is generated by finitely many objects. Moreover, S is called finitely completed if (a) S is finitely 
generated; (b) S is completed; and (c) Aut®w|g is a finite group. 

2. An Example 



Let AI be a compact Riemann surface of genus g. Fix an effective divisor D = J^iLi ^i^i with G Z>2 
once for all. For simplicity, in this note we always assume that (A/; D) ^ (P^; eiPi), or (P^; eiPx + 62^2) 
with ei ^ 62- (These cases may be easily treated.) 
By definition a parabolic semi-stable bundle 

S := {E =: E{T,);Pi, . . . , P^; Fil{E\Pi), . . . , Fil{E\pj^);aii, . . .,air^;. . .;aNi, ■ ■ ■ ,ajVr„) 
of parabolic degree is called a GA bundle over M along D if (i) the parabolic weights are all rational, i.e., 
aij G Q n [0, 1); (ii) there exist G Z, G Z>o such that (a) {aij,/3ij) = 1; (b) /Pij; and (c) 

Pij\ei, for all Denote by [S] the Seshadri equivalence class associated with E. Moreover, for [E], define 
a;£)([E]) as £'(Gr(E))|p, i.e., the fiber of the bundles associated with Jordan-Holder graded parabolic bundle 
of E at a fixed P £ M° := M\\D\ = M\{Pi, Pn}. 

Proposition. With the same notation as above, put M.{M ; D) :— {[E] : E is a GA bundle over M along _D}. 
Then A4{M] D) is a unique factorization Tannakian category andujjj : A4{M;D) —^ Vecc is a fiber functor. 

Proof. (1) By a result of Mehta-Seshadri [MS, Prop. 1.15], A4{M;D) is an abelian category. Then from 
the unitary representation interpretation of a GA bundle, a fundamental result due to Seshadri, (see [MS, 
Thm 4.1], also in Step 3 of Section 5 below,) M{M; D) is closed under tensor product. The rigidity may be 
checked directly. 

(2) Since the Jordan-Holder graded bundle is a direct sum of stable and hence irreducible objects and is 
unique, (see [MS, Rm 1.16],) so, M{M;D) is a unique factorization category. 

(3) By definition, we know that the functor lo is exact and tensor. So we should check whether it is faithful. 
This then is a direct consequence of the fact that A^(M; D) is a unique factorization category and that any 
morphism between two irreducible objects is either zero or a constant multiple of the identity map. 

3. Reciprocity Map 

In [E], choose its associated Jordan-Holder graded bundle Gr(E) as a representative. Then by the above 
mentioned fundamental result of Seshadri, Gr(E) corresponds to a unitary representation PGr(s) '■ '^1 (Af") — > 
[/(rs), where rs denotes the rank of i?(E) :— E. 

For each element g G Tri{M^), we then obtain a C-isomorphism of i?(Gr(E))|p. Thus, in particular, we 
get a natural morphism 

W : 7ri(Af°) Aut®WD. 



1 



Now note that tti (M°) is generated by 2g hyperbolic transformations Ai, Bi, . . . , Ag, Bg and N paraboUc 
transformations ^i, . . . , Sn satisfying a single relation AiBiA^^B^^ . . . AgBgA~^B~^Si . . . Sn = 1, and that 
PGr(s)iSi') = 1 for alH = 1, . . . ,A''. ([MS, §1].) Denote by J{D) the normal subgroup of 7ri(Af°) generated 
by S^^ , . Then naturally we obtain the following reciprocity map 



W{D) : 7ri(Af°)/J(L») ^ Aut^wr,. 



4. Main Theorem 



As usual, a Galois covering tt : M' — > M is called branched at most at D if (1) tt is branched at 
Pi, ... , P/v; and (2) the ramification index of points over Pi divides ej for all i = 1, . . . , N. Clearly, by 

changing D, we get all finite Galois coverings of M. 

Main Theorem. (1) (Existence and Conductor Theorem) There is a natural one-to-one correspondence 
wd between 

{S : finitely completed Tannakian subcategory of A4{M;D)} 

and 

{n : M' M : finite Galois covering branched at most at D}; 
(2) (Reciprocity Law) There is a natural group isomorphism 

Aut^{tOD\s) - Gal{wD{S)). 

5. Proof 

Step 1: Galois Theory. By a result of Bungaard, Nielsen, Fox, M. Kato, and Namba, (sec e.g., [Na, Thms 
1.2.15 and 1.3.9],) we know that the assignment (tt : M' M) i— > 7r*(7ri(M'\7r~^{Pi, . . . , Pjv})) gives a one- 
to-one correspondence between isomorphism classes of finite Galois coverings tt : M' M branched at most 
at D and finite index (closed) normal subgroups K — K{-n) of 7ri(M°) containing J{D). Moreover, we have 

a natural isomorphism Gal(7r) ~ 7ri(M°)//r(7r) ( ~ {tt-i{M°) / J {D)) j {K {tt) / J {D))^ . Thus the problem is 

transformed to the one for finite index normal subgroups of 7ri(M°) which contain J{D), or the same, finite 
index normal subgroups of G{D) :— iii[M^)/ J{D). 

Step 2: Namba Correspondence. Consider now the category T{D) of equivalence classes of unitary represen- 
tations of G{D). Clearly, T(£)) forms a unique factorization Tannakian category, whose fiber functor uj{D) 
may be defined to be the forget functor. Now fixed once for all a representative ps : G{D) U{r-E) for 
each equivalence classes [S]. (The choice of the representative will not change the essentials below as the 
resulting groups are isomorphic to each other.) 

Let S be a finitely completed Tannakian subcategory of T{D). Then as in the definition of reciprocity 

map above, we have a natural morphism G{D) ^ Aut®w . Denote its kernel by ^^(S). Then, by definition, 

G{D)/K{S) is a finite group, and K{S) = n[s]gskerps- 

Since S is finitely completed, there exists a finite set S = {pi], [E2], ■ • ■ , [S*]} which generates S as a 
completed Tannakian subcategory. Set [Sq] := ®-^j[Si]. Then for any [S] e S, ker(ps„) C ker(p[s]), since 
S is generated by S. Also, by definition, ker(pso) = <^i=o^&^{pSi)- Thus K{S) — kcr{psg). 

Therefore, for any [S] e S, ps = on(£>; S) where n(D; S) : GiD) G{D)/K{S) denotes the natural 
quotient map and is a suitable unitary representation of G{D)/K{S). 

Now set S := {[ps] : [S] S S}. S is a finitely completed Tannakian subcategory in Uni{G{D)/K{S)), 
the category of equivalence classes of unitary representations of G{D)I K{S). 

In particular, since the unitary representation psj, of G{D)/K{S) maps G{D)/K{S) injectively into its 
image, for any two elements gi,g2 G G{D)/K{S), pj:o{gi) P^oi.92)- 

With this, by applying the van Kampen Completeness Theorem ([Ka]), which claims that for any 
compact group G, if Z is a subset of the category Uni{G) such that for any two elements 51,52, there exists 
a representation Pg^.^j in Z such that Pgi,g2{9i) ^31,32(52), then the completed Tannakian subcategory 
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generated by Z is the whole category Uni{G) itself, we conclude that S = Uni{G{D)/K{^)). Bnt as 
categories, S is equivalent to S, thus by the Tannaka duality, (see e.g., [DM] or [Ta]) we obtain a natural 
isomorphism Aut®w|s G{D)/K{S). 

On the other hand, if if is a finite index (closed) normal subgroup of G{D). Set S := Uni{G{D) / K) 
with the fiber functor Wg. Compositing with the natural quotient map 11 : G{D) — > G{D)/K we then obtain 
an equivalent category S consisting of corresponding unitary representations of G{D). S may also be viewed 
as a Tannakian subcategory of Uni{G{D)). We next show that indeed such an S is a finitely completed 
Tannakian subcategory. 

From definition, Aut^wjs — Aut'^Wg which by the Tannaka duality theorem is ismorphic to G{D)/K. 

So it then suffices to show that S is finitely generated. But this is then a direct consequence of the fact that 
for any finite group there always exists a unitary representation such that the group is injectively mapped 
into the unitary group. 

Step 3: A Micro Reciprocity Law. With Steps 1 and 2, the proof of the Main Theorem is then completed by 
the following 

Weil-Narasimhan-Seshadri Correspondence (Seshadri, [MS, Thm 4.1]) There is a natural one-to-one 

correspondence between isomorphism classes of unitary representations of fundamental groups of and 
equivalence classes of semi-stable parabolic bundles over M° of parabolic degree zero. 

Indeed, with this theorem, the Seshadri equivalence classes of GA bundles over M along D correspond 
naturally in one-to-one to the equivalence classes of unitary representations of the group 7ri(M")/J(D). 
Thus by Step 2, the finitely completed Tannakian subcategories of M{M;D) are in one-to-one correspond 
to the finite index closed normal subgroup of -k\{M'^)/ J{D), which by Step 1 in one-to-one correspond to 
the finite Galois coverings of M branched at most at D. This gives the existence theorem. Along the same 
line, we have the reciprocity law as well. 
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